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1. INTRODUCTION

Many problems in engineering, medical science, economics and so forth, have various uncertainties. Molodtsov [5]
introduced the concept of soft set theory as a mathematical tool for dealing with uncertainties. It has been shown
that soft sets have potential applications in various fields. Graph theory was first introduced by the Swiss
mathematician Leonhard Euler [2]. Since then, graph theory has become a most important part of combinatorial
mathematics. A graph is used to create a relationship between a given set of elements. Each element can be
represented by a vertex and the relationship between them can be represented by an edge. Graphs have been widely
applied across various fields to model and solve real-world problems. The concept of soft graphs and their different
operations can be seen in [7]. A number of generalizations of soft graphs are available in [1]. In this paper, we define
a new graph valued function named as soft bipartite graph and some basic properties of this graph are investigated.
Also, an application of this concept in the decision- making problem is presented.

2. Preliminaries

In this section the basic ideas regarding graphs, soft sets and soft graphs are given.

Definition 2.1 [6]: A graph ¢ = (V,E) is a pair of sets, where V is a finite nonempty set called the vertex set and E is
a set of unordered pairs of distinct vertices called the edge set. An edge of a graph that joins a vertex to itself is called
a self-loop. More than one edge between a pair of vertices is called multigraph and these edges are called parallel
edges. A graph is called a simple graph if it has no self-loops and multiple edges.

Definition 2.2 [6]: A bipartite graph is a graph whose vertex set V can be partitioned into two sets V; and V, such that
every edge connects a vertex in V; to one in V,.

Definition 2.3 [4]: Let T be the set of parameters. A pair (K, T) is called a soft set over the set U of the universe, where
K: T — P(U)is a set valued mapping and P (U) is the power set of U.

Definition 2.4 [7]: A quadruple (G, A, u, T) is called a soft graph, where
i) G = (V,E) is asimple graph
ii) (4, T) is a soft set over V
iii) (y,T) is a soft set over E
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(A(a), u(a)) is a subgraph of G foralla € T.
Any undefined definition can be found in [3].
3. Soft bipartite graph
In this section we introduce the concept of a Soft bipartite graph and its properties.

Definition: Let V = {x;,x;,x3,...,x,} be a non-empty set (sample set). V; ={X{,X;,X;5,....X,} and V, =
{1,Y3,Ys,...,Y,,} be two partitions of V, which represents parameters, where X; S VandY; € V,1<i<n1<j<m.
The soft bipartite graph G, is a bipartite graph with V; U V, as vertices and any two vertices X; € V,and Y; € V,
are adjacent if and only if X; n'Y; # @.

Note: X; nY; gives the elements of V satisfying the parameters X; and ¥;.
Example:

Let V = {x1, %2, X3, X4, X5, X, X7 } such  that V= {{xp X2, X6} 13, X4}, {Xs, x7}} = {X1, X5, X3} and v,
(L} {2} {3, x4 3 {x5, X6, X733 = {11, Y2, Y3, Ya }.

Then Gy, is:

Vy: Xy = {x1, %2, %6} Xy ={x3,x3} X3 ={x5,%;}

Vai ¥ ={x} Y, = {x,} Y3 = {x3,x4} Yy = {xs, %6, X7}

Theorem 3.1: G, has no isolated vertex.
Proof:

Suppose G, has an isolated vertex X, € V;,1 < k < norY, €V,,1 < k < m.Then X, nY; = @,VjorX;nY, = 0,
Vi which is a contradiction to the factthat V = X; UX, U..UX, =Y, UY, U...UY,,.

Theorem 3.2: For any v € V(G;,),deg(v) = kifandonlyifve X, uX,u..UX,and vNn{X;}-pyy = @ Orvc
huhu.uYandvn{Y}ilL, = 0.

Proof:

By definition of Gy, deg(v) = k if and only if the elements of v are distributed to 'k'X;'s, say, X, X,, X3,..., X) or
'k'Y)'s, say, Y1,Y,,Ys,..., Y. Then vn {X;}j2; # ¢ and v n {X;}}.;,, = @. Therefore, v<S X; UX, U...UX, and v N
{X;} 41 = 0. If the elements of v are distributed to k" ¥’s, then v N {¥;}_, # @ and v n {V;}7%,,, = @, thatis,v
huYu.uYandvn{Y}ilL,, = 0.

Theorem 3.3: For any v € V(Gy,),deg(v) = lifand onlyif X; nY; = X;(orY;) for some X; € V;,Y; € V.

Proof:
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Suppose deg(v) = 1,then N (v = X;(or Y})) = Y;(or X;) for some X; €V, and Y; € V, that is, X; € V; or ¥
Hence X; nY; = X;(or Y;).

In
o<

Conversely, for any v € V (Gg,), then v = X;(or Y;). Suppose, X; nY; = X; then X; S Y; which implies N(X;) = Y.
So deg(X;) = 1.Suppose, X; NY; = Y; thenY; S X; which implies N(Y;) = X;. So deg(Y;) = 1. Hence for any v €
V(Gsp) deg(v) = 1.

Theorem 3.4: G, is a complete bipartite graph if and only if X; N Y; # @, Vi, .
Proof:

Gspis a complete bipartite graph if and only if deg(X;) = m for each X; € V; and deg(Y;) = n for Y; € V,. Then by
Theorem 3.2,X; € YUY, U...UY,, and Y; € X; UX, U...UX,, thatis, X; n {V;}]L, # @foreach1l < i < nand¥;n
{X; 3=, # 0 foreach1l < j < m.

Hence X; nY; # 0,Vi,j.
Corollary 3.4.1: G, is aregular graph if and only if [V;| = |V;| |and X; NY; # @,Vi,j.
Corollary 3.4.2: G, is a biregular graph if and only if |V;| # [V,]and X; nY; # @,Vi,].

Theorem 3.5: G, is a cycle if and only if |V;| = |V,]and forany v € V (Gg,), v € (Y; UY;) or (X; UX,) and v N
[{Yj}itsor{Xi}i=3] = O, whereX; €ViandV;€V,,1 < i <nl1 <j <m

Proof:

Any graph is a cycle graph if and only if deg(v) = 2. Using Theorem 3.2, v € {X; UX,}or{Y; UY,} and vn
[{Yj}its0r{X;}i=3] = @, forevery v € V (Gsp). Using Corollary 3.4.1, we get |[V;| = [V5].

Hence the proof.
Theorem 3.6: A graph G, is planar if and only if G;, has no sub graph homeomorphic to K3 5.
Proof:

Suppose Gy, is a planar graph. By Kuratowski’s theorem, G, has no sub graph homeomorphic to either K 5 or K 5.
Since Gy, is bipartite, it cannot have sub graph homeomorphic to K 5. Hence the proof.

Theorem 3.7: G, is disconnected ifand only if {X; UX, U...UX; }={Y; UY, U...UY;} fori < nandj < mand{X; U
X U..uX3n{,; UY, U..UY,} = @and/or {Y; UY, U..UY; }Nn{X;;; UX;, U...UX, } = 0.

Proof:

Suppose {X; UX, U...UX;}={r; UY, u..UY}fori < nandj < mand{X; UX,U..UX;}n{Y;,; UY;, U.UY,} =
@and/or{Y; UY, U...UY;} N {X;;; UX;,, U..UX, } = @.Then,foranyi < n,X; c {¥;UY,U...UY;}orforany; <
m,Y; c{X,; UX, U...UX; }. So, each X; is adjacent with ¥; and/or Y,and/or Y;...and/or Y;. Similarly, Y; is adjacent with
X, and/or X, and/or X;... and/or X;. Therefore, {X;,X,,...,X;,11,Y,,...,¥;} lies in one component of G,;,. Since{X; U
X, U..uX3n{Y;,,UY, V. UY,} = @,anyof X, X;,..., X;’s are not adjacent with any of Y}, 1, Y] ,5,..., ¥;,. Therefore
Gy, is disconnected.

Conversely, suppose G, is disconnected, then there exists X;,; € V; for i + 1 < nsuch thatX;,; n{r;uY, u...u
IG} = @, j < m. Since Gy, has no isolates, there exists some Y;,; such that X;;; nY,; # @ which implies that
{Xi1+1, Y41} lies in one component of G,. If there exists any other X;,, € V; such that X;,, n (rpur,u..u Y]} = @,

then X, NY,; #@ and/orXy, NY, #0. So {Xii1,Xi42Y41,Y42} lies in same component of Gg,.
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Therefore{ X;,; U X;;,} N {Y; UY; U...UY;} = @.If there exists some more vertices in V; which are not subsets of {¥; U
Y, U..uY}, then, {Y; UY, U...UY; } n{X;;; UX;,, U...UX,} = 0. Since the above intersection is empty, and G, has
no isolates, {¥;,Y,,...,Y;} € V, must be adjacent with some {X;,X,,...,X;}€ V; sothat {X; UX, U..UX;} ={Y; UY, U
LUY)

j

Similarly, we can prove that {X; UX, U..UX;} N {V;,; UYj,, U..UY,,} = 0.

Theorem 3.8: G, is a tree if and only if there is no X, = {a;,a,,as,...,a,} and X, = {by,b,,bs,...,bs}, p,q < n
such that {a;, a,,as,...,a; by, by, bs,...,b;} € Yy and {a; 41, Q4,-.-,a;, bjy1, bji2, bjys, ..., b} € Yywhere X;, X, € V; and
.., € V,, i < pandj,k < q.

Proof:

Suppose there exists X; = {a;,a,,0a3,...,a,}€Vy, X; = {by, by, b3,...,bs} € Vi, X3 = {cy1,¢5,C3,..., ¢} € V... such that

{ai,az,...,a;,by,by,...,bj,¢q, €, ..., ) € Y, {aiH,ai+2,...,al,b]-+1,bj+2,...,bk, ch+1,ch+2,...,cg} EY,,
{a141, Q420+ by 1, biesas -1 Cg41, Cg42, -+, } € Y3 and so on. Then X, Y3, X5, Y5 ..., X; forms a cycle. Hence G, is not a
tree.

Conversely, suppose Gy, is not a tree which implies that G, has atleast one cycle say {X;,Y;,X,,Y,,...,X;}, where X; €
V1 and Y} € VZ Then al € Xl n Yl' a2 € Xl n Yz, bl € X2 n Yl’ b2 € X2 n Yz,... That iS, al,az € Xl'bli b2 € Xz, al,bl €
Y,,a,, b, €Y, and so on.

In general, there exists X; = {a;,a,,a3,...,ap}and X, = {b;,b,, bs,..., by}, p,q < n,{ay,a,a3,...,a;,b;,by, b3,...,b;} €
Yy and {a;11, @iz, A bjyq, by 2, bjys,... b} € Y,

Hence the proof.

Theorem 3.9: Any connected graph Gy, is Eulerian if and only if foreach X; € V; and Y; € V,,1 < i < n,1 < j <
m, the elements of X; and Y; belong to an even number of ¥;’s and X;’s respectively.

Proof:

Suppose G, is a Eulerian graph. Then deg(v;) = 2k for each v; € V(G;,). For any v; € V;, by Theorem 3.2,v; N
(V32 # ¢and v; N {Y;}™,,.1 = @, which implies that, for any v; € V;, the elements of v; belong to an even number
of ¥;’s and similar is the situation for any v; € V,, v; N {X;}?*, # @ and v; N {X;}[%,,+; = @.Therefore for any v; € V,,
the elements of v; belong to an even number of X;’s.

Hence the proof.

Theorem 3.10: G, is aladder graph if and only if G, is connected with |V;| = |V,| = n and for any v; € V(Gg,), v ; ©
(Yo, UY,UY, }or {X;., UX,UXy,}fori = 1,2,...,n.

Proof:
Let G, be a ladder graph. Then |V, | = |V,| = n and for any v; € V(Gyp,),

_ (2 fori = landi = n
deg(v:) _{3 forl <i <n.

Therefore, N(v;) € {Y;UuY,Jor{X;uX; 1} fori = 1, N(v;) ec{V;_;uY,uY, Jor{X;_;UX;UX;,}forl <i <
n,N(v;) € {Y;_;UY}or{X,_,uX;}fori = n.

Hencev; c {¥;_; UY, UY i} or {X;-1 UX; U Xy}

Conversely, suppose Gy, is a connected graph with |V;| = |V,| =nand for any v; € V(Gs,), v; € {Y;_;UY; U
Yijidor{X;_; UX;UX;;,}. Thendeg(v;)) < 3fori = 1,2,...,n.
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For i =1,v, c{Y,uY, UY,}or {X,UX, UX,}. Since X, Y,do not exist in Gg, v, € {Y; UY,}or {X; UX,}. Then
deg(v;) = 2 which implies that deg(X;) = deg(¥;) = 2.

For 1<i<n, v;c{l;_;uY,UY,Jor{X,_; UX;UX;, 1} Then deg(v;) = 3 which implies that deg(X;,) =3 =
deg(Y;))for1 < i <n.

Fori = n,v,c{Y,_.,UY,UY, }or{X,_, UX,UX,, }. Since X,,, and Y,,,; do not exist in G, v,, € {V,,_; UY,}
or{X,_, UX,}..Sodeg(v,) = 2.Thatis, deg(X,) = deg(Y,) = 2. Hence G, is a ladder graph.

Theorem 3.11: If G,,is a connected n-regular graph (n > 2) with X; nY; = @fori = jandX;nY; # @fori # j,
then G, is a crown graph.

Proof:

Let Gy, be a connected n-regular graph with the given conditions. By corollary 3.4.1, |V;| = |V;| and X; € N(Y;) or
Y, € N(X;) forall i # j, which implies that any X; € V; is not adjacent with Y; € V, and X; is adjacent with all other
Y's (i # j)and vice versa. Therefore Gy, is a crown graph.

Theorem 3.12: For any Gy, y(Gs,) < Min{|V4], |V>]|}-
Proof:
In Gy, Vi = {X; UX, U...UX;}and V, = {Y; UY, U...UY;} are dominating sets of Gg,. Thus, y(Gs,) < Min{|V,], |V,]}.

4. Applications

In this section, we present an application of the soft bipartite graph in a decision-making problem. The problem we
consider is as given below.

4.1. Suppose we are analyzing a dataset related to people undergoing tests for diabetes.

Let there be eight people who have undergone investigation for diabetes, forming the universe:

V' = {P1, P2, D3, Pas P5) Per 7, Ds}-

Medical experts primarily consider parameters for identifying diabetes in people. These parameters include:
E = { Blood Sugar Levels, BMI (Body Mass Index)} = {V;,V,}.

Let C be the set of opinions regarding diabetes diagnosis, where € = {1 = Yes,0 = No}.

Here is the information collected from the investigation, which involves two primary medical parameters:

Patient Blood Sugar Level BMI Diabetes Diagnosis
D1 Normal Normal No
D2 Elevated Overweight Yes
D3 Very High Overweight Yes
Da Normal Normal No
Ps Elevated Overweight No
Pe Very High Overweight Yes
D7 Elevated Overweight Yes
Ds Very High Normal No
By the above data,

1. Blood Sugar Levels: V; = {normal, elevated, very high} = {{py, 04}, {02, s, 07}, {03, V6, Ps}} = {X1, X2, X3}

2. BMI: V, = {normal, overweight} = {{py, P4, Ps}, {P2, D3, Ps, D6, P73} = {V1, Y2}
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3. Diabetes Diagnosis: C = {1 = Yes, 0 = No} = {{p, Ps, Pe, P7}, {P1, Ps, V5, P8 }}-
Analysis

The set of patients forms the universe V, where the patients have been categorized based on their blood sugar levels
and BMI. These parameters help in identifying whether a person has been diagnosed with diabetes or not.

X1 = {p1, P4} Xy = {p2,ps, 07} X3 = {p3,Pe Ds}

Y, = {p2,P3, D5, P6, D7}

Y, = {p1, P41, P8}

In the above graph, the edges are labeled '0’ and/or ’1’, which represent the opinion with respect to diabetes diagnosis
based on the parameters.

For instance, the edge between X;and Y; which represents people who have normal blood sugar level and normal
BMI is labeled '0’, since X; N Y; = {p;, p.}, has no diabetes as per the report/data. Therefore, the edge ( X,Y;) is
labeled '0’. Similarly, X; N Y, = {p;,ps} and {ps, pc} has diabetes as per the report/data. Therefore, the edge (X3,Y,)
is labeled as ‘1’.

Wehave, X, N Y, ={p,,ps,p;} = {1,0,1}. From the above graph, we observe that patients {p,, ps, p,} have same blood
sugar level and BMI, report says p, and p, have diabetes and ps is has no diabetes which may not be correct.
Therefore, the people p,, ps, p; have to undergo re-examination with respect to Diabetes.

4.2. Let us consider the Loan approval for a bank's customers based on certain financial parameters. Assume there
are eight customers who have applied for a loan at a bank. The universe of customersis: V = {c;, c;, 3, ¢4, Cs, C6, €7, Cg}-
Bank experts primarily consider two parameters to assess loan eligibility:

E = {Credit Score, Annual Income} = {V,,V,}.
Let C be the set of opinions regarding loan approval, where C = {1 = Approved,0 = Rejected}.

Here is the information collected from the loan application investigation, including the two key financial parameters:

Customer Credit Score Annual Income Loan Approval
o) High High Approved
Cy Medium High Approved
C3 Low Low Rejected
Cy High Medium Approved
Cs Low High Rejected
Ce Medium Medium Rejected
I High Low Approved
Cg Low High Approved
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By the above data,

1. Credit Score: V; = {low, medium, high} = {{cs, cs, cg}, {2, c6}, {c1, €4, 73} = {X1, X5, X33

2. Annual Income: V, = {low, medium, high} = {{cs, c;},{c4, c6}, {c1, 2, C5, cg}} = {V1, Yo, Y3}

3. Loan Approval: C = {1 = Approved, 0 = Rejected} = {{cy, C3,C4, C7, Cg}, {C3, C5, C6 1}

Analysis

The set of customers forms the universe V, where the customers have been categorized based on their credit scores

and annual incomes. These financial parameters are used to assess whether a customer is eligible for loan approval.

X, = {C3'C51C8} Xz = {Cz’ Cﬁ} X3 = {01,04, c7}

VZ: Yl = {C3!C7} Y2={C4_, Cﬁ} Y3 = {C1’C2’C5’C8}

By the above data,

1. Credit Score: V; = {low, medium, high} = {{cs, cs, cg}, {c2, C6}, {C1, Car €73} = {X1, X5, X3}
2. Annual Income: V, = {low, medium, high} = {{cs, c;},{c4, c6}, {c1, 2, C5, cg}} = {Y1, Yo, Y3}
3. Loan Approval: C = {1 = Approved, 0 = Rejected} = {{cy, ¢3,C4, €7, cg}, {C3, C5, C6 1}

In the above graph, the edges are labeled ’0’ and/or '1’, which represent the opinion with respect to loan approval
based on the parameters.

For instance, the edge between X,and Y; which represents customers who have low credit score and low annual
income is labeled '0’, since X; N ¥; = {c3}, application for loan is rejected as per the report/data. Therefore, the edge
(X,,Y;) is labeled '0’. Similarly, X, n Y; = {c,} and ¢, application for loan is approved. Therefore, the edge (X,, ¥3)
is labeled as ‘1’.

We have, X; nY; = {cs,cg} = {0,1}. From the above graph, we observe that patients cs, cg have same financial
parameters of low credit score with high income, report says loan application of cs is rejected and loan application of
cg is approved, which may not be correct. Therefore, the bank customers cs, cg loan applications have to undergo re-
examination with respect to loan approval.

Hence, in a graph whenever an edge has more than one label one can easily conclude that those elements must be re-
examined in order to avoid making wrong decision.

5. Conclusion

Graph theory is an extremely useful mathematical tool to solve complicated problems in different fields. In the
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decision-making problem, whenever huge collection of data is available, graph representation makes it easy to take
a decision. We have illustrated through this example the application of a soft bipartite graph in the decision-making
problem. Also, a case study has been taken to exhibit the technique.
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